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Abstract—Cyberphysical systems, with their interdependence Traditionally, computing systems, which proceed by dis-

between physical behaviour and digital control, need insigts  crete steps, are modelled and analysed within a discretee sta
from frequency domain control engineering, state space cdrol  space — there is no notion of frequency domain for an arbi-
engineering and discrete formal systems theory for their poper  trarily constructed discrete space. Since there is an emesm
des_,cnptlon._I\llzglegltm?_'agydolfz thes% .res‘;"s ml_descrr]lmns glmat variety in the aspects of behaviour that can be modelled by
omit essential details. yori vent-B Is a formalism that emables H : :

. - the discrete steps of a computing system, correspondingly,
all the relevant detail to be assimilated. A case study basedn depending on Wﬁat the elemepnts c?f tr?e state spaceprepresge);]t

yaw control for the KURT e-vehicle is used as a testbed to expie : ) e
the effective interaction between the various needed digginesin ~ We find an enormous variety of approaches to the formalisatio

exploring a specific design issue, the formalisation of yawontrol of computing systems [5].
discretization, using Hybrid Event-B. Following on from this observation, traditionally, for-
malisms for computing systems (e.g. the many surveyed )n [5]
do not engage with continuous mathematics at all. To address
ODAY, the low cost, small size, low energy consumptionthis shortcoming in the context of cyberphysical systems, t
and wide availability of digital processors, together with different approaches are seen. In the first, the formalisesdo
the ready availability of a wide variety of stadardised coht not engage with continuous mathematics, stays essentially
components, makes the embedding of computing componentiscrete, and incorporates facts concerning continuopscis
and digital control into what was previously purely analegu of the modelled system as inputs or axioms. In the second,
equipment, ubiquitous. This has now given rise to the burspecial purpose formalisms are designed to include contisiu
geoning field of cyberphysical systems, in which computingphenomena in suitable ways alongside the discrete ones.
systems are intimately connected to equipment that actsein t
physical space. Increasingly, the impact of such systems igm
safety critical, and in such cases, the techniques by wiieh t
systems are developed demand scrutiny — at least in tho
spheres where it is recognised that safety and depengabili

((:rgs?sr:s%e;cliezxetpoegepglgigtelilsflli?k) zransesr(l,tjctfgglrceagp;?a_ms erspective (although equivalent to it via transform tlggor
yp Y uld struggle to do. Moreover, the rigour of the proofs in

Sgrt?fserzilogfignI?aégew]lil%emnge\?vlg,t }As/h;tt(—:‘lrz;;?gdugﬁg ;?]otz\(/arqn‘athemancal control theory.typlcally matches rr_luch better
to be feasible technically with the style of argument in computing formalisms, both
' being ultimately grounded in set theory. Then again, much of
An essential element of many such certification processethe useful engineering information that is evident andlgasi
is a verifiable audit trail of mathematical models of the manipulated in the frequency domain, and is inferred smigoth
system and of their relevant properties. Ideally, all msdald from simulation, can become greatly obscured in the state
properties should be verifiably consistent with one anotiiedt  based approach. Thus there is a conflict between the usual
demonstrably possess the properties needed for safe ioperat approaches to the various disciplines that contribute & th
In the case of cyberphysical systems this ideal is chalfengi cyberphysical systems agenda.
for the following reasons.

I. INTRODUCTION

More recently, a more rigorous approach to control has
erged within ‘mathematical control theory’ [6], [7], [8hat

emphasises the state based approach to control. This perspe
e is able to relate more directly to the state based petisge

f computing formalisms in a way that the frequency domain

In this paper we examine a case study that hosts an
Traditionally, control design is done in the frequency encounter (we hesitate to say collision) between the variou
domain [1], [2], [3]. This readily yields the quantities &l  approaches and issues mentioned. Although it is a simplified
by the engineer, using a mixture of rigorous results andygtlesi case study, it is not a toy, in that it is drawn directly from
heuristics. Although the rigorous results often do not holda genuine system, the KURT e-vehicle from Altreonic. We
with mathematical precision in reality (e.g. needed banthvi specifically look at yaw control and its stability in KURT.
assumptions), the degree of inexactitude is not harmful inWWe embed the abridged development in the Hybrid Event-B
practice. A major element of this approach is the use ofHEB) formalism [9], [10], and focus on the formal descripti
simulation to judge the suitability of a design, using tdike = and properties of the discretization step from a high level
Modelica [4]. continuous design to a lower level time triggered discrete. o
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Fig. 2.  KURT simulation: left, vehicle linear velocity (m/ss. simulation
Time (s); right, vehicle turning radius (m) vs. simulatiome (s).

Linear Velocity
Turning Radius u

Yaw Rate = L |

add2

Fig. 1. KURT simulation: Modelica yaw rate control configtiwa. L=——

Fig. 3. KURT simulation: left, vehicle trajectory in Y vs. X (m); right,
From a rigorous point of view, discretization steps intro- VeNicle yaw rate response (rad/s) vs. simulation time (s).
duce copious amounts of low level detailed technical coriple

ity. In order to keep the account within reasonable bounds, Wtaneous turning radius, and can be relatively easily medsur

do take some shortcuts in the development, commenting ol inexpensive MEMS based sensors. The added benefit
the pros and cons as we go.

of yaw rate control is related to safety, more specifically,
The rest of this paper is as follows. In Section Il we With regards to maintaining stability of the combined véhic
overview KURT, and describe a Modelica simulation that wasand driver centre of gravity (COG) when executing turning
used to validate a number of design parameters for yaw dontronanoeuvres. In a drive-by-wire, and specifically a steer-by
In Section IIl we overview the HEB formalism, stressing the wire system, there is not necessarily provision for a feekba
aspects that are most important for us. Section IV refortesla mechanism which serves to cause the driver to limit the tigrni
yaw control in HEB, and Section V examines the stability ofradius when executing a turn in accordance with the linear
the model in a state space based way. Section VI discuss&glocity of the vehicle. Simply put, if a turn is taken too ghig
the issues raised by going from a continuous to a discretizedt too high speed the vehicle can topple over. Therefore, by

formulation in a formal manner. Section VII concludes. controlling the yaw rate of the vehicle when executing a
turn, the effective turning radius can be controlled. This i
. YAW CONTROL IN THE KURT E-VEHICLE turn permits preventing the centrifugal_force componeairfr
getting large enough to cause the vehicle to overturn.
The KURT e-Vehicle is an innovative vehicle concept
based on a modular, scalable and fault tolerant architectur
The propulsion system of KURT utilises four independently

controlled in-wheel motors and employs a differential stepe

A basic propulsion and steering control strategy is as
follows: the throttle command issued by the user is intdgute
as a thrust request which is translated into a torque command

technique combined with a drive-by-wire architecture. i i and is applied equally to all four wheels; a steering command
simplest form such a steering technique entails steerieg th|ssued by the user is translated into a yaw rate request which

vehicle by creating a difference in linear velocity betweke serves as the set point to a closed loop PID controller. The

left and right side of the vehicle. Such approaches are oftegﬁﬁgt\%éz& zlnDO%%n;rigge;r'% 2333‘;3&?&?&2“&%@?{;i?ge
utilised in unmanned robotic platiorms as well as heavyl'ea_rt.l.he side to which it is added or subtracted depends on whether
moving machinery. In the absence of a mechanical steerin

mechanism, such as articulated steering, these vehictes Ewe steering request is to the |eft or to the right. When stger

. X the left the output of the PID controller will be subtratte

SIitl?sr,}n[get:Z-ev(\j/hteoeIadsri\?(le(l?jiéfeerggt;/aelhsl,(t:é?r.egzgnig\éﬁmgses om the torque command of the wheels on the Ieft_ and added
L2 ; ; ; to the torque commands of the wheels on the right. When

minimising the mechanical complexity of the steering mechaSteerin to the right the situation will be reversed
nism as well as increased manoeuvrability. However, reduci 9 9 '
mechanical complexity demands a more intelligent propulsi In order to simulate the proposed control strategy, a dy-
control system which in turn will be deployed on an embeddedhamic model of a skid-steer vehicle was created in Modelica
target platform. The employed steering control strategy wi [4]. For the purposes of this investigation, the model does
therefore do well by minimising implementation complexity not include complex tyre and surface interactions, butemath
specifically with regards to aspects such as required psowes models the wheels as point masses, on which the propulsion,
power and number of sensors. To this end a control strategylling resistance and friction forces dctThe vehicle is
has been devised for the KURT e-Vehicle whereby the effectivrepresented with a simple H-shaped geometry with a single
yaw rate of the vehicle is utilised as the control parameter. point mass located equidistant from the rear and front wheel

Accordin_g to the kinemaﬂc relatior)s [11] of a diﬁere_ntial 1Tyre and surface interactions result in friction forces d(aare even
steered vehicle, yaw rate is related to linear velocity &aisthin-  necessary to control the vehicle properly).



representing the combined vehicle and payload mass. I$ds al in that all variables are functions of time (which is readydn
the yaw rate of this mass that is measured and utilised in thexplicitly or implicitly. Clocks are assumed to increaskeli
steering control loop. The PID steering controller wasgiesd  time, but may be set during mode events. Variables are of two
by applying the Cohen-Coon tuning method [12], [13], [14]. kinds. There are mode variables (liewhich take their values
A typical yaw control simulation setup is depicted in Fig. 1. in discrete sets and change their values via discontinuous
assignment in mode events. There are also pliant variables

The kurt_chassis1 component from Fig. 1 resembles the . : :
dynamic model of the skid-steer vehicle. The model receive%SUCh asy), declared in the PLIANT clause, which typically

four inputs namely the thrust applied to the left rear andtfro aﬁ.e rt]helr vaIIues(;nttopk(])Ioglcally ?ense Siets (nﬁrmhﬁl)yandb ,
wheel masses as well the thrust applied to the right rear an |c_f_a(rje a ovl\(e to c atlnge continuously, such change being
front wheel masses. The model provides three outputs oftwhic>PEc!lied Via pliant events.

the yaw rate is of primary concern. The step input source Next are the invariants. These resemble invariants in dis-
elementstep2 simulates a thrust request issued by the usercrete Event-B, in that the types of the variables are asberte
The steering PID controller is implemented pyp1 of which  to be the sets from which the variables’ valussany given

the output is subtracted from the outputstép2 by addl and  moment of timeare drawn. More complex invariants are
added to the output aftep2 by add2. The output ofaddl is  similarly predicates that are required to hatlall moments
applied equally to the left wheel masses whereas the oufput @f time during a run.

add2 is applied equally to the right wheel masses. The purpose

of stepl igpto simﬂlateya steeringg request issued by thepus%r in TEen,_the events. ;thTIALISAfTION has a E_:Jard”thar':
the form of a yaw rate request. The outputstdpl serves as syn.cbzomses time W'E :1 ¢ §t§1_rt|o ?ny run, w ||e all other
the set point to the closed loop controller with the yaw rate’ & 1a01€S are assigne their initial values as usual.

output of thekurt_chassis1 being the measured variable. The  Mode events are analogues of events in discrete Event-
simulation setup therefore represents a steering requéstrt  B. They can assign all machine variables (except time). The
left. The simulation sequence commences by issuing a aunstaschematidMoEvof Fig. 4, has parametei3 |, 0!, (input, local,
thrust requesttfir = 15N) for a duration of 4 seconds during and an output), and a guagtd. It also has the after-value
which no steering request is presewtr(= Orad/s). Att =4  assignment specified by the before-after predidafgored
seconds the thrust command is remowdd£0N) andat =5  which can specify the after-values of all variables (exctiepe,
seconds a constant steering request is issyed=(0.3rad/s). inputs and locals).

The simulation continues to run unti=40 seconds. Pliant events are new. They specify the continuous evolu-

The vehicle is therefore expected to accelerate frend to  tion of the pliant variables over an interval of time. Fig. dsh
t = 4 seconds after which it will decelerate. From 5 seconds a schematic pliant eveRliEv. There are two guardsv, for
onwards the vehicle is expected to turn to the left. Accaydin specifying enabling conditions on the pliant variablesckk,
to the kinematic relations the turning radius of the vehicleand time; andyrd, for specifying enabling conditions on the
is expected to decrease proportionally to the linear veloci mode variables.
provided that the yaw rate is held constant. Figs. 2 and 3
depict the results obtained from the simulation run. The RHS,,

. 12
of Fig. 3 shows the step response of the measured yaw rat8f’
From the results it is seen that the controller is sufficientl
capable of maintaining a constant yaw rate with acceptab
overshoot (4%) and settling time (0.1 seconds). From Fig.
it is seen that the turning radius decreases in proportion té
the linear velocity in accordance with the kinematic relas.
Fig. 3 also shows the trajectory of the four wheel masses. Th
trajectory indicates the vehicle follows a spiral path as th  The COMPLY clause can be used to express any additional
linear velocity and the turning radius decreases. Coinglat constraints that are required to hold during the pliant even
the trajectory with the turning radius it is observed thattbar  via the before-during-and-after predic&®Apred Typically,
wheels progressively digress from the trajectory of thenffro constraints on the permitted ranges of the pliant variables
wheels as the turning radius decreases. Frea32 seconds can be placed here. The COMPLY clause can also be used
onwards the vehicle starts to rotate around its own centre ab specify properties at an abstract level, e.g. statingtgaf
mass resulting in near zero turning radius. properties for the event without going into detail.

The body of a pliant event contains three parameters
,0l, (again, input, local, and output) which are functions
time, defined over the duration of the pliant event. The
Igehaviour of the event is defined by the COMPLY and SOLVE

lauses. The SOLVE clause contains direct assignmentgfe.g
and outpub! (to time dependent functions); and differential
quations, e.g. specifyingvia an ODE (withD as the time
%erivative).

Briefly, the semantics of a HEB machine consists of a set
of system traceseach of which is a collection of functions of

In this section we outline HEB. The bulk of the material time, expressing the value of each machine variable over the
refers to a single machine. However, our models involveethre duration of a system run.
machines: for the user, for KURT’s behaviour, and for the
control system, so we include what we need for multiple
machines below.

IIl. AN OUTLINE OF HYBRID EVENT-B

Time is modeled as an intervadl of the reals. A run starts
at some initial moment of timep say, and lasts either for a
finite time, or indefinitely. The duration of the ruff;,, breaks
. . . up into a succession of left-closed right-open subintetval
A. Single Hybrid Event-B Machines T =[tg...t1),[t1...12),[t2...t3),.... Mode events (with their

In Fig. 4 we see a schematic HEB machine. It starts withdiscontinuous updates) take place at the isolated times cor
declarations of time and of a clock. Time is a first class eftiz responding to the common endpoints of these subintetyals



MACHINE HyEvBMch R
TIME t MoEv PliEv
CLOCK clk STATUS ordinary STATUS pliant
PLIANT X,y ANY i?,1,0! INIT iv(x,y,t,clk)
VARIABLES u WHERE WHERE grd(u)
INVARIANTS grd(x,y,u,i?,1,t, clk) ANY 21,0
X,y,ueR,R,N THEN COMPLY
EVENTS Xy, u,clk, ol : | BDApredx,y, u,
INITIALISATION BApredx,y, u,i?,1,ol, i?,1,0,t,clk)
STATUS ordinary t,clk, X,y U clk) SOLVE
WHEN END Dx=
t=0 Q% y,u,i?,1,0!,t,clk)
THEN y,ol =
C|k7x7y7u :: 17X07y07u0 E(X7u7|?7|7t7C|k)
END END
END

Fig. 4. A schematic Hybrid Event-B machine.

and in between, the mode variables are constant, and the pliamachine. This simple erasure process illustrates (in seyer
events stipulate continuous change in the pliant variables the way that HEB has been designed as a clean extension of
the original Event-B framework. The only difference of note

is that, now —at least according to the (conventional) way
that Event-B is interpreted in the physical world— (the mpode
events (left behind by the erasure) exedatgly, i.e. not at the
instant they become enabled (which is, of course, the moment
of execution of the previous event).

We insist that on every subintenval. . .t;1) the behaviour
is governed by a well posed initial value problebxs =
@(xs...) (wherexs is a relevant tuple of pliant variables).
Within this interval, we seek the earliest tintg; at which
a mode event becomes enabled, and this time becomes t
preemption point beyond which the solution to the ODE

system is abandoned, and the next solution is sought aker th ] ) ]
Completion of the mode event. B. Multlple Hybrld Event-B Machines

In this manner, assuming that th&ITIALISATION event The principal objective in modelling complex systems in
has achieved a suitable initial assignment to variablegses  the B-Method is to start with small simple descriptions and
run is well formed and thus belongs to the semantics of theto refine to richer, more detailed ones. This means that, at
machine, provided that at runtime: the highest levels of abstraction, the modelling matsstract

. . . away from concurrency. By contrast, at lower levels of ab-
(1) Every enabled mode event is feasible, i.e. has an aftelya tion, the events describing detailed individual bihas
state, and on its completion enables a pliant event (bulg components become visible. In a purely discrete event
does not enable any mode eveht). framework, like conventional Event-B, there can be some
(2) Every enabled pliant event is feasible, i.e. has a timeteeway in deciding whether to hold all these low level events
indexed family of after-states, and EITHER: in a single machine or in multiple machines — because all
() During the run of the pliant event a mode event be-events execute instantaneously, isolated from one anather

comes enabled. It preempts the pliant event, definingime (in the usual interpretation).

. Its <_and. ORELSE . . _ In HEB the issue is more pressing. Because of the in-
(if) During the run of the pliant event it becomes infea- ¢|,sion of continuous behaviouall components are always
__ sible: finite termination. ORELSE ~ executingsomeevent. Thus an integrated representation risks
(ili) The pliant event continues indefinitely: nontermina- pjtting the combinatorial explosion of needing to représen
tion. each possible combination of concurrent activities within
Thus, in a well formed run mode events alternate with p|iantseparate event, and so there is a much stronger incentive to p
events. The last event (if there is one) is a pliant event 68ho each (relatively) independent component into its own maghi
duration may be finite or infinite). In reality, there are sale synchronised appropriately. Put another way, there is & ver
semantic issues that we have glossed over in the framewogtrong incentive tanot abstract away from concurrency.

just sketched. We refer to [9] for a more detailed presemati ) o )
(and to [10] for the extension to multiple machines). The The same impulse is reinforced when we wish to construct

presentation just given is quite close to the modern fortraria ~ SyStems out of components, e.g. a plant and a controllereThe

of hybrid systems. See e.g. [15], [16], or [17] for a persjvect it is also convenient to conceive the pieces separately and
stretching further back. combine them appropriatelty. The key concept in achieving

. ) . ) this is the INTERFACE. This is a syntactic contruct (adapted
_If, from Fig. 4, we erase time, clocks, pliant variables andfrom the idea in [18]) that includes the declarations of a set
pliant events, we arrive at a skeleton (conventional) BNt of variables, the invariants that involve them, and alsdrthe
2If a mode event has an input, the semantics assumes thatlies oaly Imtlallsatlor_]s' A Commumty. of quhmeS m.ay have acce.ss
arrives at a time strictly later than the previous mode evensuring part of 0 the variables declared in an interface if each machine
(2) automatically. CONNECTS to the interface. All events in the machines must




PROJECT Kurt_Prij CONTEXT Kurt_Ctx MACHINE YawCtrl Mch
INTERACES CONNECTS YawCtrl IF
YawCtrl IF AXIOMS EVENTS
MACHINES YawControl
KurtUser Mch END STATUS pliant
Kurt_Mch SOLVE
YawCtrl Mch MACHINE KurtUser Mch yreP(t) = yrr(t) —yrm(t)
END CONNECTS YawCtrl IF yreD(t) = DyreP(t)
EVENTS Dyrel(t) = yreP(t)
INTERFACE YawCtr| IF SteerKurt stqt) =
SEES Kurt_Ctx STATUS pliant Kp[yreP(t) +yrel(t)/Ti + To yreD(t)]
TIME t BEGIN tal(t) := thr(t) —stdt)
PLIANT thr(t) = ©(4—t) tar(t) := thr(t)+stdt)
yrr,yrm, stc yrr(t) = O(t—5) END
yreRyrel,yreD, END END
thr,tal tar END
INVARIANTS
yrr,yrmstce R,R,R MACHINE Kurt_Mch
yreD,yreByrel € R,R,R CONNECTS YawCtrl IF
thr,tal,tar e R,R,R EVENTS
INITIALISATION KurtBehaves
WHEN STATUS pliant
T:'E=N0 SOLVE
Dyrm(t) = Ckstdt
yrr,yrm,stc = 0,0,0 ENDy ® kstat)
yreRyrel,yreD = 0,0,0 END
thr,tal,tar := 0,0,0
END
END

Fig. 5. A Hybrid Event-B system for yaw control.

preserve all of the invariants in the interface, of coursa. A The KurtUser Mch machine describes the behaviour of
important point is thagll invariants involving the interface’s the user who drives KURT. The machine CONNECTS to the
variables must be in the interface. YawCtrl IF interface, to access needed variables, and it has
a single pliant evenSteerKurt This applies a constant thrust
§rom time 0 to time 4thr(t) := ©(4—t), and a constant yaw
request from time 5 onwardsr (t) := ©(t —5), where® is the
HBaviside step function. This is consistent with the desiom

in Section II.

Multi-machine HEB systems need more than what we hav
just described, namely (at least) synchronisation andiirist
ation mechanisms. These, and other issues, are discussed
[10]. What we have mentioned will suffice for this paper.

MachineKurt_Mch describes the intrinsic behaviour of the

IV. AHYBRID EVENT-B MODEL OF YAW CONTROL KURT e-vehicle. It also CONNECTS t¥awCtrl IF. In this

In this section we take the model discussed in Section Ifimple model it is assumed that KURT will emit a measured
and re-express it as a Hybrid Event-B project. The projecyaw rateyrm Whos_e derivative is proportlonal to the difference
itself appears in Fig. 5, where its overall structure is dafim  Of the thrusts applied to left and right wheel setg(t) —tal(t),
the PROJECTKurt_Prj file. This indicates the pieces that the and which is thus (via a positive constaik) proportional to
system is constructed from. These consist of the INTERFACEhe differential thrusstdt) (see Fig. 1):
YawCtrl IF and the MACHINEsKurtUser Mch, Kurt_Mch d
and YawCtrl Mch. gt yrm(t) = Cq stqt) (3)

The interface SEES the CONTEXHurt_Ctx which con-  MachineKurt_Mch expresses this in HEB notation.
tains the definitions of all the constants and static mathiesa . :
Machine YawCtrl Mch describes the controller that turns

that the project will need, and more importantly, it is alke t , : - ,
: . he user’s steering commands into thrust commands to KURT'’s
home of any AXIOMS (concerning these static elements) tha\%vheels. Of course it CONNECTS teawCtrl IF. At its heart

we may rely on for verification. The interface then names the

(pliant) variables shared by the machines that connectltstg 'Sstégﬁnp'E:h‘iﬂgttrggfﬁrlﬂ‘aﬁﬁdmrﬂ] fr?éCl\J/[:‘ILees ti?]?edlrgalngﬂd
their invariants, and defines their intialisations. Tablestk the 9 ’ 9

variables, and describes how they relate to the elementseof t derivative of the yaw rate errger(t):
KURT simulation model in Fig. 1.

1 st
stqt) =Kp {yre(t) += / yre(s)ds+ TDEyre(t) 4)
The three machinesKurtUser Mch, Kurt Mch and TiJo dt

YawCtrl Mch are formal definitions of the three actors in the The formalism of HEB does not permit us to write this directly
dynamics. since (aside from implicit constraints in the COMPLY clayse



it allows direct assignment and differential equationsypnl
in the SOLVE clause. The formulation in théawCtrl Mch

machine unwinds (4) into an acceptable form. Thus, separate

variables are introduced for the proportional, integral an
derivative ofyre(t): yreP(t),yrel(t),yreD(t) (variable yre(t)
itself is not an element of th&urt project). On this basis,
equation (4) turns into the following lines of the SOLVE ciau
of the YawControlpliant event:

yreR(t) = yrr(t) —yrm(t) (5)
yreD(t) = DyreR(t) (6)
Dyrel(t) := yreP(t) @)
stqt) = Kp[yreP(t) +yrel(t)/Ti + ToyreD(t)] (8)

The remaining assignments in the SOLVE clause of the

YawControlevent, quite faithfully mirror the relevant functions

and connections of the yaw control model in Fig. 1, when the

interpretation is mediated via the information in Table 1.

V. FORMAL PROPERTIES OFYAW CONTROL

Some properties can be easily checked from the text O(TD+CKKP>

Fig. 5. For instance, each of the variables of YeavCtrl IF
interface appears exactly once in the left hand side of atlyeof

assignments or ODEs in any of the pliant events in the projec

Since all these pliant events run concurrently, this priypisr
a prerequisite for consistency.

vehicle begins to slow, although this depends on frictional
forces not included in our formal model.)

Turning starts at = 5, and we must solve the system
of equations in theKurt project. TheKurtBehavesevent in
the KurtMch machine implies thagrm(t) is the time integral

of Ckstdt) up to a constant of integratiobp. This can be
substituted into the right hand side of (5) which then yields
yreP(t). Differentiating this, in turn yieldsyreD(t) via (6).
Integrating it instead, yieldgrel(t) via (7), up to another
constant of integratioh,. Substituting these relationships into
(8) yields the integral equation:

t
stat) = Kp(o.stp)chKp/ ste(s)ds
5
KP t rS
te {(O.B—Lp)(t—S)—u —cK// stc(u)dud%
Ti 5/5
—CkKpTpstat) ()]
Differentiating this twice yields the homogeneous ODE:
P st) + Lsteft) + Lstot) = 0 (10)
dt2 dt T B

The only solutions of (10) are exponential. Putting in thesdn

1stc:(t) = Ré! and integrating twice yields candidates for the

integral terms in the RHS of (9). Since (9) must be an identity
equating coefficients a8t and of the linear terms allowlsp,
L, andR to be determined from initial conditions. And with

The next obvious thing is the observation that all of thestdt) determined, we can easily calculate the behaviour of all

assignments and equations of Hert project are linear. This

means that an analytic solution to the system’s behaviour is

within reach, which we examine now.

A. Stability Analysis of the Simulation

Given that there are step functions in the system infuts
andyrr att =4 andt =5, the behaviour splits naturally into
three intervals{0...4),[4...5),[5...).

During [0...4) the vehicle accelerates from 0: ththy =

15=tal =tar, and all other variables remain at 0. During

[4...5), the thrust is switched offhr = 0 =tal =tar. So all

variable values are 0. (In the simulation of Section Il the

Table 1: Variables Used in the Yaw Control Models
Variable | Meaning |

yrr Yaw Rate Request (output efepl)

yrm Yaw Rate Measured (output &durt)

yre Yaw Rate Error, i.eyre=yrr —yrm
(output offeedback?2)

yreD Time Derivative of Yaw Rate Error
(derivative of output ofeedback?2)

yreP Proportional Steering Yaw Rate Error,
i.e. yreP=yre (output offeedback?2)

yrel Time Integral of Yaw Rate Error
(integral of output offeedback?)

stc (Differential) Steering Thrust Command
(output of pID1)

thr Thrust Request (output atep2)

tal Thrust Applied Left (output ohdd1l)

tar Thrust Applied Right (output oddd2)

the other system variables if we wish.

For mechanical stability, we need the real part of either
value of A to be negative. This yields two constraints on the
family of constants in theKurt system, each being of the
form expr> 0. However, up to positive constant factors and an
additional factor ofT;, oneexpris the reciprocal of the other.
Therefore, the two cannot be consistent unfgss 0, whence
we get:

TT>0 and Tp+ >0

1
11
ko 11)
We can add these as AXIOMS to the conte&xtrt_Cxt:
AXIOMS
T >0
To+1/(CkKp) >0
With axioms like these included in the project, new invatsan
become provable. Specifically, becaygeP(t) in [5...x) is

bounded by a negative exponential displaced by a constant, i
maximum is finite, so that we can add:

INVARIANTS
yreP(t) < yreRuax

to the interfaceyawCtrl IF, whereyreRyax can be calculated
explicitly.

B. More General Stability Analysis

The above analysis accurately reflected —though from a
formal vantage point— the kind of evaluation that can be
achieved by a simulation based approach, such as we had
in Section Il. In this section, we extend the formal analysis



to the case of a more arbitrary yaw rate request inpuft),  the magnitude of the steering command will not breach the
provided it stays within specified bounds. We illustrate¢iy ~ physical boundaries engineered into the system.
the greater reach of a more symbolically based approach, in

cases where the calculational challenges remain tractable If this strategy is pursued, then the properties assumed

for yrr(t) can be introduced axiomatically in the interface
With a relatively arbitraryrr (t), we can redo the derivation YawCtrl IF. Technically, constants would be introduced in
of the previous section. We arrive at an anlogue of (10) inYawCtr| IF, e.g. a constanYRRnaming a function of time,

which the LHS is as before and the RHS is modified: which would be endowed with the properties required to be
1 43 42 1d assumed foyrr(t), expressed via axioms. Then the behaviour
=& (TDFyrr(t) + Wyrr(t) + ?ay”(t)) of yrr(t) would be set equal t¥RRin machineKurtUser_Mch.
_ inl;(t) ! (12) The properties concerningr(t) derivable from this basis

could be dealt with in various ways. For persistent properti
We see that the inhomogeneous teni(t) depends solely on the most natural approach would be to recast them as intarian
the derivatives ofrr(t). of the system. Properties not of this kind cold be expressed a

) THEOREMS in the syntax. Both kinds would then need to be
Introducing the vectostc(t) = [stcRt) stcD(t)]" where proved.

stcRt) = stdt) andstcD(t) is the time derivative oftcRt),
we can write the second order ODE (12) as a first order systeng: 5, Mechanical Verification

Estc(t) = Astc(t) +b(t) (13) The previous two sections gave examples of what could be

dt addressed within a formal development framework capable of
where: treating continuous behaviour as first class citizen. Biuitirvgy
a desirable property is one thing, and mechanically digghgr

A — { 0 1 } and b(t) = { 0 } (14)  a proof of it is another. While proper mechanical support for

—H/T —H Hinh(t) HEB is, as yet, an aspiration, achieving the power to do the

. : . kind of mathematics indicated in a reasonable time would
3? ?hHe Zo%élf;r(t(;;rpcegﬁ;g)i)ﬁ ((tlhle))latter being the reciprocal require the import of the capabilities of existing toolselik

Mathematicg22]. Such an approach is entirely practical, and
The form of (13) is standard (see, e.g. [19], [20], [21] would provide a good level of additional assurance, beyond
and many other places), so the system can be integrated lwyhat can be achieved by explorations of system behaviour via

applying a routine procedure: simulation.
_ to For applications requiring an even higher level of assur-
t—5 t
ste(t) = e >stc(5)+/5 e ~Ip(s)ds (15)  ance, the user would have to program the rules and tactics

for the relevant portion of mathematics directly, so that th

Since b(t) consists solely of derivatives ofir(t), we details of the derivation could be exposed to scrutiny, in-co
can integrate by parts repeatedly. To do so we introduce thitast to tools likeMathematica where the internal reasoning

notationyrr (t) = [0 yrr(t)]T, and we observe that: algorith_ms are commercial secrets. The capability to aggro
the verification task in both ways is part of the planned tool

t dk support for HEB.
(t—s) = —
/5eA gV (s)ds

di t VI. DISCRETIZING HYBRID EVENT-B YAW CONTROL
eA(t*S) zk71 Ak*jfl_yrr (S) . . . . . . .
j=0 ds 5 A major issue in turning a conceptual design into a reality
[ in today’s engineering environment, is going from the oréi
+A /5 =S ypr (s)ds (16)  continuous control model to a discretized control modelsTh

is because, with today’s components, analogue control is
prohibitively expensive when compared to its discrete ¢emn
art. (There are, of course, many other reasons for preterri
iscrete conrol which are well known, such as the flexibility
of software, and the lack of drift in digital components.)

So as not to have to deal with a large collection of boundar
terms coming from (16), we now hypothesise a turning episod
in whichyrr(t) starts at zero (far=>5), smoothly increases and
then smoothly decreases back to zero {for9 say). Dropping

the boundary terms, we get, in the- 9 region: In some approaches, the design is initiated directly in the
t5) discrete sphere, bypassing the continuous world altogethe
sto(t) = €"%ste(5) + However, that forces the problem of deciding the sampling

1 /1 ) 3 teA(th) frequency, to be confronted immediately. The advantage of
e (fA+A +TpoA ) /5 yrr(s)ds  (17)  starting in the continuous world is that this issue is posgzb

in favour of engagement with the primary design challenges,
which are most clearly viewed in the continuous world. This
is what we do here, starting with the continuous model, and
then contemplating the discretized version.

A result like (17) allows us to estimate in a symbolic man-
ner the steering thrust command required for turning egisod
corresponding toyrr(t)’'s that behave in ways characterised

by some generic pattern. For example we may be fible t0 3A more realistic simulation of KURT than shown in Section riciudes
confirm that for the class of turning episodes consideredimiters to do just that.




PROJECT KurtD_Prj MACHINE KurtD_Mch
REFINES —?7— Kurt_Prj INITIALISATION REFINES —-??-Kurt_Mch
INTERACES WHEN CONNECTS YawCtrID IF
YawCtrlD_IF t=0 EVENTS
MACHINES THEN KurtBehavesPli
KurtUserD_Mch yrrp,yrmp = 0,0 REFINES KurtBehaves
KurtD_Mch sto,std = 0,0 STATUS pliant
YawCtrID Mch yreRy,yreRy’ = 0,0 COMPLY skip
END yrelp,yreDp = 0,0 END
thrp,talp,tarp = 0,0,0 KurtBehavesMo
INTERFACE YawCtrlD IF END STATUS ordinary
REFINES —??—YawCtrl IF END WHEN (3neNet=nT)
SEES KurtD_Ctx yrmp = yrmp +Ck Tstep
TIME t CONTEXT KurtD_Ctx END
PLIANT EXTENDS Kurt_Ctx END
yrrp,yrmp,
sto, stdy, AXIOMS MACHINE YawCtrlD Mch
yreRy, yreRS', NT=1 REFINES —??-YawCtr| Mch
yrelp,yreDp, CONNECTS YawCtrlD IF
thrp,talp,tarp END EVENTS
INVARIANTS YawControlPli
yrep,yrmp € R'R MACHINE KurtUserD Mch REFINES YawControl
sto, sty € R,R REFINES KurtUser Mch STATUS pliant
yreRy, yreRS € R, R CONNECTS YawCtrID IF COMPLY  skip
yrelp, yreDp € R,R EVENTS END
thrp,talp,tarp € R,R,R SteerKurt YawControlMo
thrp = thr REFINES SteerKurt STATUS ordinary
yrrp = yrr STATUS pliant WHEN (3neNet=nT)
yrmp —yrm| < Byrm BEGIN yferr ‘= yIrp —yrmp
stap — st < Bstc thip(t) = O(4—t) yreRS" = yreR
std) —std < Bstc yrrp(t) = O(t—5) yrelp = yrelp +TyreR
yreRy —yrePl < Byrep END yreDp := (yreR —yreRS)/T
yreRy' —yreRt < Byrep END stey = “Kp[yreRy+yrelp /T + TpyreDp]”
yrelp —yrel| < Byre st = st
yreDp —yreD| < Byrep talo = thro — st
talp —tal| < Bg tZrD __ thI;,D +Sst?3
— D = D
tarp —tar| < Brar END
END
Fig. 6. A discretized Hybrid Event-B system for yaw control.
A. Continuous and Discretized Systems continuous model but an impoverishment, and refinement, as a

From a formal development standpoint, the most desirabl%:Chmque’ struggles to cope with it, since the impover

) ; . . . _degrades the information available for the consistencyfpro

relationship between a system model and its more idealise ther than enhancing i
. ) . ; . git.

predecessor, is a refinement. Typically, a refinement essich
a more idealised model with detail taking it ‘closer to imple Still, the news is not all bad. Typically, the interaction
mentation’. The enriched model is proved consistent with it between the system and the environment/plant is two way
predecessor (normally, via a formal simulation relatidne  (closed loop). If, overall, both the continuous and diseret
properly, a refinement has the potential to preserve vatuablversions of the combined system are stable (with suitable
properties established earlier, in the new model. Unfately, choices of parameters etc.), then a reaction in the digewkti
in the context of the discretization issue, this strategpliad  system that is in some way undesirably increased compared
naively, fails. The reasons are as follows. to what it would be in the continuous system under similar
circumstances, can be compensated for by the environment of
the discretized system, which can increase suitably itsitinp
to the system to steer overall behaviour towards the desired
regime. Doing this successfully depends on a number of $hing
good understanding of both system and environment; the
deviations spoken of being moderate in magnitude; the divera
g{/stem (in both the continuous and discrete versions) being
Jtable; suitable choices of parameters being mMaBee [15]

A continuous description of a system contains an ‘infinite’
amount of information: i.e. the values of all system varéabl
over a continuum of times. Any implementable sampling
method will unavoidably ‘forget’ all but a tiny fraction ohis
information, i.e. all but the sampled values themselvehdf
system response to the environment depends on the inform
tion it has about the system’s behaviour, it is more or les
inevitable that, in principle, the quality of a sampled sysk
response will be inferior compared with the continuous case 4syitable parameter choice is heavily dependent on insighin fthe
Thus the discretization process is not an enrichment of théequency domain. We return to this point below.




for a relevant technical discussion. However, if the intécen ~ the assignment represents the difference equatiom x =
between the system and the environment is one way (opeytmp k—1+ Ck T St® k—1.

loop), it is much easier to see less acceptable devations. .
P) P Then we have YawCtrlD Mch. The conventions al-

. . ready described hold here too. Thus there is a pliant
B. The Discretized Model event YawControlPli that skips while it REFINES —-?7-

In Fig. 6 there is a discretized version of the previousthe YawControl event of YawCtrl Mch, and a mode event
continuous yaw control model. Each syntactic construct isvawControlMo that models the periodic updates to the
replaced by its dicretized counterpart; ekgrt_Prj is replaced discretized counterparts of all the variables modified by
by KurtD_Prj which REFINES —??—it. The question marks YawControl At this point a subtlety needs to be pointed out.
qualifying the REFINES claim refer to a certain level of
ignorance concerning the precision of the relationshiprben
the continuous and discretized versions that we must endur
and that affects many components of the two models. W
discuss this point in detail in Section VI-D.

In a pliant event, there is no difference between the
g)arallel) direct assignmenisy := y,z andx,y := z,z because
f the equality semantics of direct (instantaneous) assa.
owever, when the two assignments are naively discretized,
they turn intoxp, Yp = Yp,Zp andxp,Yp := Zp,Zp respectively,
In this exercise, for simplicity, we keep all the model which are to be interpreted as we discussed above. The first
constants (such &, Kp etc.) the samé.In addition, there is  of these corresponds to the difference equatign,ypx =
a further constant, which represents the sampling period. Forzy \_»,7p k—1, because the LHS and RHS of such assignments
simplicity, T is axiomatized to be /N'th of a unit of time, so  refer to values one sampling period apart, as noted above.
that the external stimuli to the system can remain the same &hus a chain ofn dependent equalities in a pliant event
in the continuous model (and both, moreover, are open loop}—which in the pliant event relate values at the same time
point— can generate an'th order difference equation upon

earlier predecessonsr. sampled and updated evefy time discretization. This can have detrimental effects on thadityu
P : P P y of the approximation and on its stability due to the use of

units. Now, the semantics of Hybrid Event-8 mposesasp:emflolder and older values — as is discussed extensively within
interpretation on the assignments that occur in mode events = .| analysis, e.g. [26], [27]

e.g.varp = expr(varp). When such an assignment is executed
at a timekT say, the LHS of the assignment denotes the In order to minimise the impact of this, we can back
new valuevarp(kT), which we write asvarpx. However, substitute to make use of values that are as fresh as po8sible
the RHS is evaluated using the limiting value wdrp just  Note that every different choice of scheme for doing the
before kT. If we assume thavarp does not change during back substitutions results in a discretization scheme ithat
any sampling interval, then the RHS is in fatpr(varp k1),  correspondingly different, amounting to a different desig
so the assignment implements the difference equatmik =  decision regarding what discretization means.

exprivarnp k-1). We return to this point below.

Variables varp are the discretized counterparts of their

i . L o We can go further, designing the difference equations that
In order to implement simple approximations to derivativesye wish to use for the discretizatica priori, and indepen-
and integrals (_done via bac_kward differences and_accuafwlat dently of the ‘obvious’ discretizations of the continuousdtel,
sums, respectively), preceding values of some variabled tte  and then work back to derive the discrete assignments that
be recordedvarf’. (As with the model constants, the literature yould implement them.
contains many approaches that tackle these issues in more
sophisticated ways; see e.g. [23], [24], [25].) In the context of these remarks, the main impact on the
i i , YawCtrID_Mch machine is to alter the detailed expressions
~ We discuss the machines, one by one. The simpleshat occur on the RHS of the assignments of the mode event.
is KurtUserD Mch. This genuinely REFINES the earlier tnhe assignment that is of most interest is the assignment for
KurtUser Mch machine in a manner which is easy 10 see.gtq, where the feedback from the control strategy is most felt.

Namely, the original and discretized variablg and yir |15 RHS is enclosed in heavy quotes to allude to this.
vs.thrp andyrrp have identical behaviours in the sole (pliant)

event of the two machineSteerKurt This is formalised via . _ N _
the equalitieshrp = thr and yrrp = yrr in the invariants of ~C. Discretized Stability Analysis

the interface. Let k € N index the number of AN'ths of a time unit

Next we haveKurtD_Mch. This has both a pliant event elapsed sincé =5. We address the discretization stit in
KurtBehavesPland a mode everurtBehavesMoThe pliant  more detail. In the light of all the possibilities just dissed,
event (continuously}kips. This models the zero order hold we proceed as follows.
that characterises a simple sampling scheme. The pliant eve
REFINES —?7?7— th&urtBehavegvent ofKurt_Mch. The mode

event models the periodic updatesyomnp at the sampling e : ) :
P P Yoo pAng is not difficult to derive the difference equatiomeR, 1 =

times, obtained by replacing the differential equation tod t CoT S Deriving th | . |
KurtBehavesevent with a discretized approximation of the . KI ZrZOdStQ%E' eriving the gnalt?gous ﬁxEress&qn jale;)
corresponding integral equation wamp := yrmp +CyTstey.  Nvolves adou e summation. Dealing with these directlthiz

This is to be interpreted as discussed above, which means thSSignment fostg is certainly inconvenient. However, if we
take second differences of teep assignment, the summations

Looking at the assignments foyrmp and yreR, that
appear in Fig. 6 and dropping the inhomogeneous terms, it

5In many discretization approaches, model constants atestadj, in order
to better approximate the continuous model. 6This amounts to using the,Yp := zp,zp form in the earlier example.




cancel, and we obtain: We concede that the above analysis was someadh&ioc
More significantly, it was purposely confined entirely withi
St k3 — 25t k2 + St ki1 = the state space formulation of the problem. This is impattan
— CkKp [T (St kt2 — 25t kt1+ St k) the extent that the HEB approach is lodged in the state space
+ T (St 2 — St k1) Jr-|-2stqlk+2/-|-l] (18) domain for reasons which were explained in the Introduction

which is much more amenable to analysis. Inserting the ansat By contrast most discretizations of continuous designs in

stao k = RWK into (18) yields: engineering practice take place within the frequency damai
ok ' As mentioned previously, there are various approaches, de-
D(W) = W3 4 Ck Kp[TZ/'I'. +T+Tpo—2/Ck Kp]W2 scribed in the literature cited earlier. Happily, one ofitheoin-

. cides with what we derived: the discrete equivalence amroa
+CkKp[1/CkKp —2To —TW+CkKpTo = 0 (19) 5o approach, a zero order hold is introduced into theehod

This is a cubic equation foiV. For stability in the system as at the right point, standamtransform elements are introduced
a whole, we needw| < 1 for all the solutions oD(W) = 0. for the PID components, and a transfer function is calcdlate
Standard resources for cubics such as e.g. [28], [29], shew t by combining all of these. The poles of the transfer function
technical burden of trying to analyse this directly. give the characteristic frequencies of the system, whi@h ar

) ] checked for stability. It turns out that the denominator hod t

We observe that because of the sign ofwigterm in (19),  transfer function (which is a rational funtion in ttzeplane),

if all the roots ofD(W) =0 are real and of modulus 1, then  cojncides exactly with (20) aside from the change of vagabl

(1) D(+1) >0, (2)D(—1) < 0, and ifD’ is the derivative oD, _ _ o B

then (3) the roots,. of D’(W) =0 satisfy—1<r_ <rp <+1, In the co_nventlonal approach to dlscretlza_tlor}, stab!h;ty

(4)D(r_) >0, (5)D(r;) < 0. SinceD'(W) =0 is a quadraticit ~analysed using the Jury test [31], [25], [8], which is applie

is a lot easier to handle. (We note that the constraints ciaed ~the z domain. This generates a sequence of tests, all of which

be related to the Sturm technique for finding regions coirigin have to be passed to deduce stability (which is the property

real roots of an arbitrary polynomial [30].) |zl < 1 for the characteristic frequencies). Happily once more,

. the first few of these coincide with the first few of thd hoc

Although the general form of the coefficients of (19) tests we did above. All of this shows not only the desirapilit

makes it cumbersome to test for the conditions (1)-(5) i ful pyt the feasibility of greater cooperation between the two

generality, we note that we are predominantly interested iformulations of control within the formal HEB approach.
the regionT — 0. If any necessary conditions do not hold

in the limit of vanishing sampling interval, then they catno
be of interest for any engineering purpose. The» 0 limit
simplifies the coefficients considerably. The cornerstone of any formal development technique like
(Hybrid) Event-B is the idea of relating successive mod&sv
&ormal refinement relation, which relates a more abstracteho

0 a more concrete one. In practice this is always a simulatio
relation, which amounts to the statemdftthe invariants hold

at a given momenTHEN they hold after any update (mode
or pliant) of the concrete variables — for a suitable choice
of update of the abstract variables. Thus, suitably inééal,

All of these observations make the corresponding testéhe implicational structure can be cascaded inductivety in
relatively straightforward to carry out. Tests (1) and (28 a @ statement that holds true at all times. Evidently, for the
straightforward evaluations. The former yields a triialvhile ~ described approach to have force, the invariants mentioned
the latter yields the constraint: must express a desired relationship between the two familie

of variables that is also expected to hold at all times.
1> CkKeTp (20) I . - . o .
Establishing this, when viewing discretization as an in-
which turns out to be necessary for the smiBllimit to be  stance of refinement, proves to be very demanding in all leut th
feasible. Constraint (3) gives rise to a number of further-co simplest cases. A trivial case of discretization treatésl wray
ditions. However, in the small' limit, they are all subsumed occurs in [9] — no technical difficulties occur there. Front ou
by the stronger condition (20). own development, an equally trivial case of refinement aecur
between machinelkurtUser Mch and KurtUserD Mch, since
in the INVARIANTS section of theYawCtrID IF interface
"Re find the joint invariantshrp = thr andyrrp = yrr, which

D. Relating the Continuous and Discretized Models

system to simplify the case analysis further. From the Cehe
Coon tuning analysis of Section I, it emerges thgt~ 10T
and T) =~ 4Tp. As well, the kinematics of the problem mean
thatCx is positive, and it also follows th&p is positive. So
all the constants in our problem space are positive.

The expressions for the roats of D'(W) = 0 are the stan-
dard formulae for a quadratic, and turn out to be expressio

in the combinatiorCkKpTp. Accordingly, it is easiest to use express the equality of the relevant pairs of variablescein

goghtgdf uct:)sr:glft%gnr;u(rz)e rgﬂ \(/g)luelf tL?ﬁ;(P(E ?hn:t fg?ﬂgg Ofthe original and discretized variables are defined to befrave
CKpTo around approximately B permit (4) and (5) to be exactly the same way in their respective machines, estétdjs

satisfied in the small' limit. We thus conclude that there is the required properties is indeed trivial, aidrtUserD Mch

L : is a genuine refinement ¢durtUser_ Mch.
a stable regime in the small region, and hence furthermore,
that there is a still larger region of stability when a pair of  For the other machines in the model, the situation is a lot
roots of D(W) = 0 fuses and bifurcates into a pair of complex less clear cut. The detailed behaviour of the continuous and
roots (which will be close to the real axis for some range ofdiscretized variables in each corresponding pair is knovat a
values of the parameters). less precisely. In particular, there is a significant lacklefail



compared with what is stated regarditig andyrr and their It provides a formal framework in which such local proper-
counterparts. A number of points arise concerning this. ties can be expressed, and additionally, related to priegert
controlled by refinement (see particularly [34]). A judic®
combination of refinement and retrenchment could prove to
be the best approach to the technical difficulties mentioned

Firstly, given a linear and third order discretization stiee
with sufficient additional effort an analytic solution cduin
principle be obtained for the various variables involvet, a
least in the form of summations over powers of the roots. The Of course, we are not the first authors to discuss the
effort involved would be considerable, yet the perspigaoit  challenges posed by discretization. As well as standamietis
the solution obtained would not be a given. With a relativelycontrol references such as [31], [25], [24], [36], [8], taeare
opaque formulation of the solution, its relationship wittet more specialised treatments aimed at specific aspect$3€]g.
analytic solution to the continuous system (which we did[38], [39], [40]. Frequently they focus on a frequency domai
not pursue to its conclusion too) would also not be clearapproach or on statistical properties. It is probably faisay
This would lead to further technical difficulties in formtikg ~ though, that there is no detailed treatment that is an idetim
relevant joint invariants for corresponding pairs of valés. It  to the needs of a formal approach to control systems design
is not evident that they would enjoy the same level of precisi and development.
that we were able to indicate fohr andyrr.

. o . VII. CONCLUSIONS
Secondly, the effort expended in achieving the goals in-

dicated (if actually expended) would only apply for the sin-  In the preceding sections, we took a simplified though
gle pair of abstract and concrete system trajectories giveRon-trivial version of the yaw control problem for the KURT
by the specific driving inputs specified tyr and yrr in  e-vehicle, and used it as a testbed for complementing and
KurtUser Mchand its counterpart. They would not necessarilystrengthening the assurance obtainable via conventiamal e
apply for any other inputs. But, for dependability, we would gineering approaches, by using a formal modelling and re-
want a generic result that applied to a whole family offinement approach to the development. The vehicle for the
trajectories that was large enough to include all that cdnedd latter was the Hybrid Event-B formalism [9], [10], a fornsati
expected to arise in practice. For that, much more genedc ardesigned to capture hybrid system behaviour in way that is
powerful results would be needed. And this mismatch betweeaompatible with established formal development approsche
what typical formal techniques routinely demand, and what t from the computing sphere, and with state based approaches
analysis of control systems can routinely supply, rapidiyngs ~ from the control sphere.

greater the more complex the application system becomes.  one immediate consequence of this is the evident tension

Based on these observations, the relationships that we haf@tween the state based perspective of formal approaches
quoted in thevawCtriD_IF interface between continuous and (Which need to deal with arbitrarily structured state spaeed
discretized versions of our variables (exceptthg andyrr)  the frequency domain based perspective of conventional eng
is approximate equality. Some justification for this liestfie ~ neering design. The frequency domain approaches, typicall
fact that we were able to show that both systems were stabfeased on Laplace transforms anttansforms, turn functional

(for suitably chosen static parameters). properties into algebraic ones — the latter are usually much
) _ easier to manipulate in practice, and thus are stronglyufiec
For us, approximate equality meajwarp —var| < Bvar,  in practical engineering. The simplification of the design-p

for corresponding variable pairs and constaBig. When  cess coming from the use of algebraic techniques is amplified
the stability properties are sufficiently strong, such Hssu py the use of specific stimuli (such as response to step fumcti
can become provable in principle; see e.g. [15]. Still, it isinputs), and of simulation, as preferred techniques to gaug
not unquestionably the case tha_lt. these results can bedelatge appropriateness of a design. Of course, to quote a famili
directly to problem domain quantities, because of theiangle  tryism, simulation can only show the presence of faults, not
on existential properties. their absence, so enhancing the development methodoldlyy wi

The claim thatjvar — varp| < Byar can serve as a suitable formal techniques which potentially have broader coveiiage

joint invariant depends crucially on knowing that the dyigsn & Worthwhile aim.

is such that the difference between continuous and digexkti Doing this seriously though, quickly invites back the
versions of variables always strictly decreases, i.e. W@t technical obstacles that the algebraic and simulation cbase
always have behaviour consistent with asymptotic stgbilit approaches strove to avoid. We rapidly saw this in our ex-
regardless of the behaviour of any external inpHbwever, amination of the discretization of PID control in the KURT
in Section VI-A, we acknowledged the possibility of impov- e-vehicle application — the technical difficulties inherém
erished information from sampling allowing the discrepanc moving from a relatively perspicuous continuous design to a

between variables to grow, even if temporarily. In such sase suitable discretized version quickly proliferated.

the arguments in [15] will not hold. _ . . :
g [15] These observations readily propose a series of topics that

In cases like that, it is often not too hard to proveit would be very worthwhile to develop more fully in order to
local properties i.e. properties concerning a single samplingincrease the utility of a combined approach.
interval, that assert not-too-bad divergence. The dovensid
such properties though, is that they do not cascade inagtiv
into statements that hold at all times.

[l A closer cooperation is needed between, on the one
hand, the state space methods typical in state based control
and formal approaches, and on the other hand, the frequency

A variation on the refinement technique that is focused ordomain based approaches so widely used in conventional en-
such local properties is retrenchment [32], [33], [34], ]]35 gineering. Normally, discussions take place exclusivethiw



one domain or the other, but a greater interaction could[g]
improve the feasibility of a combined approach. For thig] an

depending on the specific goals of a given analysis, morel9]
contact points would be identified between state space and
frequency methods, such that the solution to a state space
guestion could be derived in the frequency domain. Howeve ,10]
it has to be appreciated that only certain questions trtmsla[n]

well between the two domains.

[l With issues such as discretization, it is clearly im-
practical to tackle each development from first principles i
a practical methodology. A family of suitable generic résul 13]
is needed that can be applied in a wide variety of contexts t{)m]
inform the formal strand of the development. Similar rensark
apply to other aspects of the development methodology
we could mention topics such as sensitivity and robustnessﬁﬁl
besides stability, which we concentrated on.

[12]

[15]

[Il] To facilitate the efficient incorporation of the relant (17

kinds of formal derivation (done by hand in ad hocmanner

in this paper) additional special purpose syntactic SUppOIj g)
could be provided within the Hybrid Event-B formalism,
especially in the context of mechanised tool support.

Besides these issues concerned with the technical interag-g}
tion between different approaches, lies the applicatimelle
scope of the formal modelling and refinement. We confineg,;
our attention to stability in an ideal environment, thereby|,,
neglecting many things. In reality, friction and senstiivio 3]
external influences in the equipment affect the behaviour 0?
the system. If these are not modelled properly, then theurigo 4]
of a formal refinement becomes spurious. Likewise stagiktic
fluctuations in both the equipment and the environment of2s)
operation impacts the behaviour, and needs to be taken infgg]
account. [27]

The traditional engineering approach to such questions i
again via the frequency domain. It is assumed that influence%
such as these are each characterised by a suitable freciency
main response profile, often determined experimantallyrezhe [30]
needed. With a characterisation of that kind to hand, the Conay;
troller can be designed to filter out stimuli that are undssir 32]
and to respond appropriately to those that are importarth Wi
such a bandwidth limited frequency domain controller desig
the Nyquist theorem and engineering heuristics give a googs]
guide to the sampling frequency needed for a dependable dis-
cretization. However, this kind of frequency domain detitva  [34]
is rather far from the state space approaches that could be
directly placed in a formal development framework. All of
these topics provide fertile territory for further work, te [35]

8]
9

pursued in other publications. [36]

[37]
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